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1 Introduction

Many important problems in physics, chemistry,
biology, and economics involve �N -body� dynam-
ics, where large number of identical units mu-
tually interact to present larger-scale behaviors.
E�ectively simulating these dynamics can elu-
cidate complex mysteries ranging from income
inequality in ride sharing [1] to the possibility
of fusion reactors to solve the energy crisis [2].
Unfortunately, these systems invariably exhibit
nonlinear and chaotic behaviors that obscure an-
alytical solutions to problems. Fully simulating
N -body dynamics allows researchers to better ex-
plore their properties, but becomes unfeasible for
small time steps, large time scales, many parti-
cles, and various iterations.

Thankfully, recent deep learning techniques have
allowed simulated input/output N -body data to
serve as training data forN -body dynamics mod-
els with near instant results. This is made possi-
ble by the nonlinear nature of most neural-network
architectures, which allows them to �tease out�
nonlinear dynamics. These could eventually es-
calate to algorithms that take in rules governing
particle interactions and estimate the dynamics
of N -body systems of these particles without the
need for problem-speci�c training.

A common toy model for chaotic N -body sys-
tems is the deceptively challenging �Three-body
problem� proposed by Sir Isaac Newton. This is
a problem where three objects with masses m1,
m2, and m3 at respective positions ~r1, ~r2, and ~r3
are mutually gravitationally attracted according
to the following formula:

~Fij =
gmimj

(~ri − ~rj)2
, (1)

where i and j are labels for di�erent masses and
g is an arbitrary constant. Without loss of gen-
erality, one can bound the masses by translating
their positions to the non-accelerating center-of-
mass frame and �xing them to a two-dimensional
plane. Figure 1 shows an example trajectory set
of three masses. The mutual coupling of the
masses ensures the behavior is chaotic.

Figure 1: An example trajectory of three
gravitationally-attracted bodies showing chaos

Astoundingly, the �rst academic paper to explore
the performance of neural networks in tackling
this problem emerged only this year [3]. While
intriguing, the paper explores only a single neu-
ral network type with a very limited parameter
search protocol and fails to make performance
comparisons between deep learning approaches
from which one can draw insights.

This report takes a �rst step towards compara-
tive evaluations of models for solving the Three
body problem. Guided by the nonlinear nature of
the problem, it will speci�cally focus on testing
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whether nonlinear transformations of data can
o�set the need for nonlinear functions embedded
in neural networks and streamline learning. The
nonlinear transformation examined involves �dic-
ing up� scalar values into vectors of binary val-
ues using the following quasi-bijective function
f : [−1, 1] → {0, 1}n that transforms scalars x
into vectors ~v with elements of values 0 or 1:

vk = nint
(
2(k−2) mod

(
x+ 1, 2(2−k)

))
, (2)

x =

n∑
k=1

1

2(k−1)
(vk − 1), (3)

where nint(x) is the �nint� function that rounds
x to the nearest integer. The schematic in Figure
2 more intuitively represents this transformation
and makes clear its nonlinear nature.

-1 1x vi

→ 0

→ 1

→ 0

...
...

Figure 2: Schematic showing transformation of
x to v performed equation 2

While this transformation increases the number
of variables needed to represent the state of the
system, it introduces potentially useful nonlin-
earities into the model and broadens the list of
activation functions one can use between layers.

The possible inputs and outputs explored across
models are either �scalar� or �binary� according
to the following de�nition: �scalar� data com-
prises of length 12 vectors where the �rst, sec-
ond, and third groups of four values correspond
to each of the three masses and, within each
group, the �rst two values correspond to x and
y positions and the second two to x and y ve-
locities; �binary� data mimics this structure with
each scalar value replaced by n consecutive bi-
nary values according to equation 2.

The report centers on a detailed an extensive
comparison between learning models of di�er-

ent complexities that take in either scalar val-
ues or binary-transformed ones as inputs and/or
outputs. This will test whether one may reject
the hypothesis that this particular transforma-
tion plays a role in enhancing this model and
will point to a conclusion on whether such ap-
proaches may generally be useful for understand-
ing N -body systems.

This comparison is followed by an investigation
into whether binary transformations impact the
performance of Residual Neural Networks (ResNets)
on this problem. Given that virtually no prece-
dent exists for whether skip connections serve
well in N -body settings, either outcome can help
inform whether to consider ResNets for similar
applications.

The results of these deep learning experiments
likely generalize to other chaotic N -body prob-
lems and have the potential to accelerate the de-
velopment of deep learning solutions to di�cult
questions in the most challenging corners of var-
ious �elds.

2 Related Work

The piece of literature most relevant to this work
is an article published less than one year be-
fore this writing titled �Newton and the Machine�
[3]. This work claims that neural networks serve
well to solve the three body problem and demon-
strates an e�ective model, but does not perform
comparative experiments like this report does.
By obscuring the iterative process of arriving at
the authors' model, the work limits itself to a
single successful case study rather than a prelim-
inary guide for the development of futureN -body
deep learning models. The lack of advancement
in this area of deep learning arises from the fact
that simulated scenarios are often too speci�c for
the development of trained models. This means
the simulation work required to train models de-
feats the purpose of using the model.

3 Dataset

All data for this project arises from �nite dif-
ference simulations of the three-body dynamics
described in the introduction. Speci�cally, mass
positions are initialized randomly within the range
(−1, 1) such that their center of mass is at the

2



origin. Velocities of these masses are also initial-
ized randomly so that the center of mass remains
stationary. The introduction explains how these
restrictions preserve generality. These initialized
position and momenta quantities are placed in
a vector of length 12 (two quantities for three
masses in two dimensions) and this is the input.
The corresponding output is obtained by per-
forming a �nite-di�erence simulation according
to equation 1 with g = 1, dt = 0.001 along 500
time steps. �data_generation_with_FDS.py� per-
forms these calculations and logs initial and �nal
positions and velocities of the three masses (in
the x− y plane) as rows of a CSV �le.

The simulated nature of the data means that the
dataset may be of any desired length, making
iterative regularization unnecessary as any over-
�tting can be overcome by training with more
data. Furthermore, all data is statistically iden-
tical, meaning no data mismatch is possible.

The data obtained is then augmented using the
interchangeability the e�ective �labels� of the masses.
Since three masses correspond to six labeling per-
mutations, the data may be augmented six-fold.
This augmentation is performed by functions in
�data_augmentation_and_transformation.py�

For all models trained, 20000 exampled were ob-
tained by simulations which were then augmented
to 120000 examples. 100000 of these were used as
the training set, 10000 as the dev set, and 10000
as the test set.

4 Methods

Across all models explored in this project, the
mean squared error (MSE) loss function

L(y, ŷ) =
∑
i

(ŷi − yi)2 (4)

was used along with the Adam optimization method
[4] with minibatches of size 20 over 100 epochs.
Regularization considerations were limited due to
the large amount of data and the comparative fo-
cus of this project.

4.1 Neural Network Comparisons

The �rst comparison approach involved only lin-
ear and logistic regressions. Speci�cally, the fol-
lowing four regression models � where X and Y

denote inputs and outputs and s and b subscripts
denote scalar and binary � were evaluated on the
dataset:

Ŷs(Xs) =WXs +~b, (M1)

Ŷs(Xb) =W (Xb − 1/2) +~b, (M2)

Ŷb(Xs) = σ
(
WXs +~b

)
, (M3)

Ŷb(Xb) = σ
[
W (Xb − 1/2) +~b

]
. (M4)

The subtraction of 1/2 from input binary data
serves to �balance� the 0, 1 data so that it aver-
ages zero. The data types used in these models
dictates the following shapes for trained parame-
ters W and ~b as functions of n: ~b ∈ R12×1 for Ys
models and R12n×1 for Yb models; W ∈ R12×12,
R12n×12n , R12×12n, R12n×12, respectively to the
models in the order presented. Results for these
are reported for n = 10; above n = 8 this param-
eter has virtually no e�ect on the performance.

Following this, similar performance comparisons
were made using deeper neural networks of �ve
layers. The �rst of these models has scalar inputs
and outputs and is de�ned by the equation set

A1 = ReLu(W1Xs +~b1),

Ai = ReLu(WiAi−1 +~bi), i = 2, 3, 4

Ŷs(Xs) =W5A4 +~b5. (M5)

with the optimized parameters being of sizeWi ∈
R12×12 and ~bi ∈ R12×1 for i = 1, 2, 3, 4, 5. The
second model has binary inputs and outputs and
is de�ned by

A1 = tanh[W1(Xb − 1/2) +~b1],

Ai = tanh(WiAi−1 +~bi), i = 2, 3, 4

Ŷb(Xb) = σ(W5A4 +~b5). (M6)

Now the parameters are of size W1 ∈ R12×12n,
W2,3,4 ∈ R12×12, W5 ∈ R12n×12, ~b1,2,3,4 ∈ R12×1,

and ~b5 ∈ R12n×1. Again n = 10 was used for the
�nal analysis. With foresight based on results
from the regression comparisons, a �nal deep model
was examined, de�ned by the equation set:

A1 = tanh[W1(Xb − 1/2) +~b1],

A2 = tanh(W2A1 +~b2)

Ai = ReLu(WiAi−1 +~bi), i = 3, 4
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Ŷs(Xb) =W5A4 +~b5. (M7)

The parameter sizes for this �nal model areW1 ∈
R12×12n,W2,3,4,5 ∈ R12×12, and~b1,2,3,4,5 ∈ R12×1.
As before, only n = 10 results are reported.

For all iterations of the regression and deep neu-
ral network models, checks are performed for over-
�tting (despite the large dataset size) and some
are reported. The test MSE and its standard
deviation values for all models are reported and
used as performance metrics; lowest MSE is the
primary metric and lower standard deviations
break ties if needed.

4.2 ResNet E�ect Comparisons

The e�ects of adding skip connections across nodes
(i.e. transforming the neural network into a ResNet)
are shown for models M5-M7. To guarantee e�ec-
tive comparative evaluations, the same skip con-
nection structure was added to all models, mean-
ing the �skipped� layers remained unchanged across
models. Speci�cally, for M5, A2 is replaced as

A2 → ReLu(W2A2 +~b2 +W1XS +~b1)

and, for M6 and M7, as

A2 → tanh(W2A2 +~b2 +W1XS +~b1).

These new models are called M5R-M7R (each
corresponding corresponding to the model it mod-
i�es). This stage of the evaluations involves a
comparison between each of the three models with
and without a skipped connection using the same
metric as before. During the investigation pro-
cess, several other skip connection architectures
were explored but nearly all presented the same
e�ects as reported in the next section.

5 Results and Analysis

5.1 Neural Network Comparisons

I �rst report the results of the �rst four mod-
els from the previous section: M1-M4. Figure 3
shows the convergence of the training and dev er-
ror rates for the M1 over epochs. The proximity
of the two shows that the model is not over�t-
ting the data and this was similarly veri�ed for
the other three regression models.

Figure 3: Training and Dev MSE for model M1
over 100 epochs, with `guessing error' shown

Table 1 below shows the test set MSE and er-
ror standard deviation across the four regression
models and the number of parameters in each
(with n = 10).

Model Test Set Error Parameters

M1: Ŷs(Xs) 0.037748 ±0.0336 156

M2: Ŷs(Xb) 0.036856 ±0.0323 1452

M3: Ŷb(Xs) 0.037750 ±0.0336 1560

M4: Ŷb(Xb) 0.036872 ±0.0326 14520

Table 1: Test MSE values for regression models
with model parameter numbers

Although models M2 and M4 perform the best
among the four models, both have large param-
eter numbers and only perform marginally bet-
ter than the standard for the group. This result
is especially surprising given that model M4 has
nearly 100 times more parameters that M1 and
has shown not to su�er from over�tting. Another
interesting comparison is that between M2 and
M3 as M2 performs better despite having a com-
parable number of parameters (but fewer) and
both models make use of both datatypes. This
indicates that this family of regression models
may perform most e�ciently when using binary
data as inputs and scalar values as outputs.

As with the regression model, a training conver-
gence plot is shown in Figure 4 for M5, the �rst
model in the deep neural network class. This plot
and similar analyses for models M6-M7, M5R-
M7R again rule out over�tting concerns.
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Figure 4: Training and Dev MSE for model M5
over 100 epochs, with `guessing error' shown

Table 2 below shows the test error rate across
these �ve-layer neural networks and the number
of parameters in each (again with n = 10).

Model Test Set Error Parameters

M5: Ŷs(Xs) 0.025434 ±0.0245 780

M6: Ŷs(Xb) 0.031150 ±0.0301 2364

M7: Ŷb(Xb) 0.042159 ±0.0384 4080

Table 2: Test MSE values for �ve-layer NN mod-
els with model parameter numbers

A striking result from the table above is that
M7, with purely binary inputs and outputs, per-
forms worse than M4, its much simpler regression
counterpart, and M1, the 156-parameter linear
regression. Another notable detail is that M6,
with binary inputs and scalar outputs, outper-
forms M2, M3, M4, and M7 despite comparable
parameter numbers. Among all the models, M5
clearly performed the best despite a low number
of parameters.

5.2 ResNet E�ect Comparisons

Model Test Set Error Parameters

M5R: Ŷs(Xs) 0.025721 ±0.0246 780

M6R: Ŷs(Xb) 0.031557 ±0.0303 2364

M7R: Ŷb(Xb) 0.042343 ±0.0387 4080

Table 3: Test MSE values for �ve-layer ResNet
models with model parameter numbers

Table 3 above shows that adding a skip connec-
tion to the model only weakens its performance.

for this evaluation, several other skip connections
were attempted but none yielded a lower test
mean squared error.

Figure 5 below compares all models � except ResNets
to avoid redundancy � evaluated in this report
along the axes of MSE and log(parameters)

conclusion

0.020

MSE

0.045

1 log(# params) 4.5

M1 M2M3 M4

M5

M6

M7

Figure 5: Plot of test MSE versus
log(parameters) of all models outlined in
report except ResNets; regressions in red and
deep neural networks in blue

6 Conclusion

From the results and analysis in the previous
section, it is clear that not all nonlinear trans-
formations are �created equal� in the context of
model building to encompass chaos. Speci�cally,
nonlinear transformations of data appear not to
o�set the need for nonlinear functions in a deep
learning model, even when more parameters are
involved. Though the results of the MSE val-
ues alone are mixed, the models involving scalar
data become clear winners when accounting for
the number of parameters involved. Additionally,
it appears that the data transformations have no
impact on the e�ects of adding skip connections
to the models.

While these results do not conclusively con�rm or
reject any hypotheses, they shed interesting light
on the nature of deep learning for N -body prob-
lems. They indicate that performance does not
strongly correlated with the number of parame-
ters, is not hypersensitive to network structure,
and responds di�erently to the type of input and
output data even if the information it carries is
the same. New insights like these can prove use-
ful as deep learning for advanced modeling be-
comes more generalized and more widely found
at the forefront of scienti�c challenges.
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7 Contributions

I, Arthur Campello, am the sole author of this
work and performed all the related work includ-
ing formulating the problem, writing and running
the code, and drafting this written report, all on
my own without external assistance.
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A Code Structure

Section 2 of the report details the roles of the �les
named �data_generation_with_FDS.py� and named
�data_augmentation_and_transformation.py�. All
other �.py� �les correspond to speci�c models and
are identi�ed by pre�xes �regression,� �deep_nn�,
and �deep_resn� corresponding regression mod-
els (M1-M4), deep neural network models (M5-
M7), and residual neural network models (M5R-
M7R). Included Notebook �les serve to run the
models corresponding to their �le names.

B Note on Recursive Neural
Networks (RNNs)

Because the system in focus evolves in time, it
would seem natural to consider using an RNN to
model it's behavior. RNNs prove very useful in

most time series forecasting applications because
data from more than one time step before the
estimated future value often proves relevant to
the model. Because of the chaotic nature of the
three body problem, however, the next state of
a sequence depends almost entirely on the value
before it. Thus, sequence data over time poses
very little additional �modeling potential� com-
pared to input/output sets. Earlier iterations of
this project involved analysis of RNNs but this
proved redundant with the analysis presented.
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